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ABSTRACT

In this paper we introduce the explicit ;/#2-Bathe method for solving dynamic problems, in particular
wave propagations. Like for the implicit $;/8,-Bathe method, the proposed explicit scheme uses two
sub-steps per time step and can be used directly as a first-order and a second-order method with the
capability to suppress high spurious frequency response. In both sub-steps, standard Taylor series are
employed resulting in an explicit solution scheme. The novelty is that we calculate the final displace-
ments and velocities in each sub-step by applying correction terms using the generalized trapezoidal rule
with control parameters f; and ,. This approach makes the method a quite simple scheme. We consider
the stability, accuracy and numerical dispersion and give recommendations on the parameter values g,
and p, to be used in practice. We give the solutions of four problems, three of which are wave propaga-
tion problems, and compare the results with those obtained using other methods. While more experience
in the use of the procedure is needed to understand its full solution capabilities, we can already conclude
that the proposed method is effective in some wave propagation analyses.

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

For the solution of dynamic problems in practice, numerical
methods are generally the only option available to solve the equa-
tions of motion. Among the available numerical methods, the direct
time integration methods are widely used. Direct time integration
methods can be divided into two categories; in terms of stability,
we have unconditionally stable and conditionally stable methods,
and in terms of the formulation used, we have explicit and implicit
schemes. If the method is not constrained by a stability condition
for choosing the size of the time step, the method is termed uncon-
ditionally stable; otherwise, it is conditionally stable [1-3].

The most important differences between explicit and implicit
methods are the stability of these methods and their computa-
tional costs [1-30]. An implicit time integration method can be
conditionally or unconditionally stable, while explicit methods
are always conditionally stable [1]. If diagonal mass and damping
matrices are used, the explicit methods generally require less com-
putational effort in each time step than the implicit methods. Since
using an unconditionally stable implicit method, much larger time
steps can in principle be used, it can be difficult to decide whether
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an explicit or implicit method is more effective for the overall
solution.

However, there are problem solutions in which an explicit
method can clearly be more effective - namely, when the applied
loads or the response to be calculated require a small time step.
This is frequently the case in the solution of wave propagations,
namely when a small time step of the order of the stability limit
of an explicit solution scheme is inherently needed.

To achieve an accurate solution of wave propagations, the direct
time integration should contain some numerical damping to pre-
vent spurious response, see for example Refs. [1,8,12,17] and this
numerical damping should ideally be optimal, that is, allow as
large a time step as possible for an accurate solution.

Among the implicit methods, the g,/B,-Bathe method can be
very effective in solving wave propagation problems, but it is an
implicit scheme. The excellent performance is due to using two
sub-steps with two parameters f; and f, to impose numerical
damping, and use the method as a first-order or a second-order
scheme [17,18], see also Ref. [12].

Our objective in this paper is to present an efficient explicit time
integration method -- the explicit p,/B,-Bathe method. This
scheme also uses two sub-steps as does the implicit f;/j3,-Bathe
method, and can also directly be employed as a first-order or a
second-order method. Indeed, the control parameters p; and p,
are used to obtain the first-order or second-order scheme and to
numerically suppress the response due to high spurious
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frequencies. The use of a first-order scheme can be of advantage in
the solution of wave propagations [17,18].

The first explicit time integration method based on the use of
sub-steps as employed in the implicit Bathe method [10-12] was
proposed by G. Noh and K.J. Bathe [19]. The Noh-Bathe method
uses numerical damping in the framework of the Bathe implicit
scheme to suppress spurious response due to spurious high fre-
quencies. We use the Noh-Bathe method in this paper to illustrate
the response calculated with that scheme versus using the new
scheme and show that the new explicit g, /8,-Bathe method com-
plements and is a further development of the earlier work. An
important point is that the explicit ,/p,-Bathe method can
directly be used as a first-order scheme (like the implicit g, /f,-
Bathe method) and then also shows good performance.

In the following sections, we first present the governing equa-
tions used in the new scheme. Then we study the consistency,
stability, order of accuracy, amplitude decay and period elonga-
tion. Finally, we illustrate the performance of the scheme
through the solution of four example problems, also comparing
the results obtained with those calculated using other schemes.
We conclude that based on the solutions obtained the explicit
B1/B,-Bathe method can be effective for the solution of wave
propagations.

2. The governing equations of the explicit g, /,-Bathe method

The proposed method uses two sub-steps, with the size of the
first sub-step yAt and the size of the second sub-step (1 — y)At.
In each sub-step, we use standard Taylor series to solve for the
unknown accelerations, after which we obtain the velocities and
displacements by applying correction terms using the generalized
trapezoidal rule (as employed in the Newmark method [1,4]) with
the parameters p; for the velocities and f, for the displacements.
We use different labels for the constants from those used in the
Newmark method because the ; and B, are not constants for sta-
bility but simply constants used in correction terms to achieve
good accuracy ( but then naturally also affecting stability).

Considering linear analysis, in the first sub-step the equations of
motion at time t + At are

M t+'y‘Atij +C t+}'AtU +K Aty — /AR (-l)

where M, C and K are the mass, damping and stiffness matrices; U

and R represent the vector of nodal displacements/rotations and the

load vector, respectively, and an over dot denotes a time derivative.
The truncated Taylor series expansions give

80 =0 + (pA0)'0 2)
and
EIAY ='U + (pAE)'U 4 (0.5)(yAt)* 'O (3)
Substituting Eqgs. (2) and (3) into Eq. (1), we obtain
M PAg=tAR, (4)
where

MR, =R — €[ U+ (7A0) ]
~K['U+ (7A0)U + (0.5)(pA0)* 0] ®)

We note that in Egs. (2) and (3), the accelerations 720 are not
used.

The solution of Eq. (4) gives the accelerations at time t + YACt.
Next, we use Eqs. (2) and (3) again but with the correction terms
added that involve the just calculated accelerations and the param-
eters p, for the velocities and B, for the displacements
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ety ' 4 (YAD'T + B, (7AL) <t+7A[ﬂ_tﬂ) (6)

LMY U+ (7ADT + (05)(7AD "0 + By (par)’ (7 0-10)
(7)

The solution for the second sub-step is obtained in an analogous
way. Hence the governing equations are for this sub-step

Mt+AtU + ct+AtU +K A tHALR (8)
o =0 4 (1 - ) (AnMD (9)
ALY =AY 4 (1 — ) (ADTTMU 4 (0.5)(1 — )7 (AL)? AT (10)

MHAt["] _ t+AtR2 (1 1)

where

AR, AR C[ et (1 -y)(At) twAtU]
e . (12)
—K t+'yAtU+ (1 _ ”/)(At) H/AtU+ (0.5)(1 _ y)2(At)2 r+~,rAtu]

and then we obtain the final velocities and displacements at time
t+ At

EHYAL -

U+ (1 -p)(At) 720
+ i1 = )(A0) (G- (13)

t+AtU —

LAY = A 4 (1 — ) (AL) AT 4 (0.5)(1 — 9)% (A2 AT
51— V)Z(Af)z (HA[U _ t+7At[’j)
(14)

The above equations are used recursively to solve the equations
of motion of the finite element system. Since the accelerations are
not used in Egs. (2) and (3), and (9) and (10), the scheme is an
explicit integration method. We note that the scheme is quite sim-
ple, even when a banded damping matrix is used, which makes it
an attractive solution method. However for good solution effi-
ciency we usually need to use a lumped mass matrix (as in all
explicit solution schemes).

We should note that in each sub-step the same procedures are
used, but of course, for the sub-steps of sizes YAt and (1 — y)At.
Hence if we use y =0.5, as we shall do below, the two sub-steps
use the same solution algorithms and we may look at this special
case of the scheme as a one-step method.

Comparing the method with the explicit Noh-Bathe scheme, we
see that the Eqns. (1) to (5) and Eqns. (8) to (12) are also used in the
Noh-Bathe scheme but that the correction terms used in Eqns. (6),
(7)and in Eqns. (13), (14) are in general different. These corrections
are applied to calculate the new displacements and velocities at
the end of the sub-step and the full step and involve the important
parameters f; and f,.

3. Consistency and order of accuracy

To analyze the explicit ,/B,-Bathe scheme, we formulate the
method for a typical single degree of freedom equation [1]

t+ALH) ti
Aty | = At |+ LZH'Atr + Lt+Atr (15)
t+ALy, ty

where A is the integration approximation operator, and L, and L
denote load operators. These operators are given in Appendix A,
where in that appendix w and ¢ are the frequency of the undamped
system and the damping ratio.
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The order of accuracy quantifies the rate of convergence of the
numerical solution to the exact solution and is given by the local
truncation error

7= Alt [t+Atu 7A] [u +A2 t—Atu 7A3 t—ZAtu] (16)

where Ay, A, and As are the invariants of A

A; = trace(A)

Ay =1 ((trace(il))2 — trace (AZ)) 17)
As = det(A)

Expanding the terms in Eq. (16) about t and eliminating the sec-
ond and higher order derivatives, the local truncation error is in
general given by

T = 1At + e, At? + e3At® + O(At?) (18)

with the constantse;, i=1, 2, 3, ...
For the explicit g, /B,-Bathe method, the local truncation error
is given by

T= (@8- 062 -7+ (1 - 410~ 260 w0 ) ar
+ 0(AL%) (19)

Therefore, since e; = 0.0, the method is consistent for any val-
ues of the parameters ; and 8, Considering the accuracy, using
B1#0.5, the method has first-order accuracy and using p; = 0.5,
the method shows second-order accuracy.

4. Stability, period elongation and amplitude decay

The stability and accuracy of a time integration method can be
investigated by calculating the spectral radius of the integration
approximation operator, p(A), and calculating the period elonga-
tion and amplitude decay [1].

For the explicit B,/B,-Bathe method, the spectral radius is a
function of g;, ,, &, 7 and At/T. The method is stable if p(A) < 1
[1]. We consider the case ¢ =0 and y = 0.5.

An important feature for an effective use of the method is to be
able to choose the order of solution accuracy - choose the first or
second order - and the time step size for applying numerical
damping, that is, the time step size when the spectral radius
rapidly decreases from the value of 1.

The stability analysis, performed like given for example in Refs.
[1,7], shows that the explicit 8, /8,-Bathe method is conditionally
stable, like all explicit methods, hence only stable if At < Aty
where At is the critical time step. The maximum critical time step

0.8
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Fig. 1. Spectral radius of the explicit 8, /p,-Bathe method with g, = 0.07p; (first
region).
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value of the proposed method is twice that of the central difference
method, like for the Noh-Bathe method.

Further analysis also shows that for two regions g; = [0.51, 1.2]
with B, =0.078,, and B, =0.5 with g, =0, 0.07], the method
gives good accuracy. In the first region we have first-order accuracy
and in the second region we have second-order accuracy.

Then in the first region, as we change the g; value from 0.51 to
1.2, the numerical damping is applied earlier; that is, Fig. 1 shows
that with ; = 0.51 the spectral radius is longest close to 1. We also
see that as f; increases, the amplitude decay and period elongation
errors increase (see Figs. 2, 3).

Considering the second region, as we increase j3, from 0 to 0.07
the numerical damping is applied earlier, the amplitude decay

100 : ‘ ‘ ‘
—3,=051
— 5,706
80 l—pB.=0.7

:
5,=0.8
60 (|

40

Percentage AD

20 -

0 0.05 0.1 0.15 0.2 0.25
AtIT

Fig. 2. Amplitude decay of the explicit $,/,-Bathe method with g, = 0.07; (first
region).

Percentage PE

0 0.05 0.1 0.15 0.2 0.25
AtIT

Fig. 3. Period elongation of the explicit f; /8,-Bathe method with g, = 0.07p, (first
region).
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Fig. 4. Spectral radius of the explicit ,/B,-Bathe method with ; = 0.5 (second
region).
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Fig. 5. Amplitude decay of the explicit ,/3,-Bathe method for g, = 0.5 (second
region).

Percentage PE

0 0.05 0.1 0.15 0.2 0.25
AtIT

Fig. 6. Period elongation of the explicit f;/8,-Bathe method for 8, = 0.5 (second
region).

error increases and the period elongation error decreases (see
Figs. 4 to 6). Note that when 8, = 0, no numerical damping is used.

We can compare these results with those given for the Noh-
Bathe scheme in ref. [19], but of course only for the case of
second-order accuracy (the Noh-Bathe scheme is second-order
accurate). This comparison shows that the new second-order expli-
cit ,/p,-Bathe method gives about the same amplitude decays
and period elongations as the Noh-Bathe method, see Figs. 5 and
6 and ref. [19].

5. Illustrative example solutions

In this section, we consider the solutions of four problems to
illustrate the properties of the explicit f,/8,-Bathe method. We

Table 1a
Values of parameters f; and 8, for very good results, but the user needs to choose.
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compare the solutions obtained using the explicit g;/j3,-Bathe
method with those obtained using the central difference, Noh-
Bathe and implicit B, /,-Bathe methods. For all solutions obtained,
we used the lumped mass matrix, except in Section 5.4 we
employed the consistent mass matrix for the solution with the
implicit B,/p,- Bathe method. For the central difference method
solutions, the starting procedure given in Ref. [1] was used.

For the solutions using the ,/p,-Bathe methods, the values of
the parameters $; and 8, need to be chosen, and for optimal solu-
tions these values seem to change slightly depending on the prob-
lem solved. We give in Table 1a suggestions for choosing the values
for the parameters g, and f,. With values in those regions, very
good response predictions may be obtained. However, in practice,
a user needs specific values for “just” good results, which we there-
fore give in Table 1b. The values given in the tables assume that
lumped and consistent mass matrices are used, respectively, for
the explicit and implicit schemes, and the values are based on
our experiences obtained so far.

Regarding the solution times taken using the new explicit
scheme, we have not run yet very large problems, and have not
used an optimized code, but the required computational time is
estimated to be approximately the same as when using the Noh-
Bathe scheme, both being explicit methods using two sub-steps
for a full time step. Hence the solution time is also about the same
as when using the central difference method with a time step half
the size of the full step.

In each case of the problems solved below, the number of finite
element equations is small and all solutions have been obtained
with a small computational effort.

Clearly, for the solutions of the four problems considered below,
by choosing different values of parameters and CFL many solutions
can be generated. However, we need to focus here on the essence
of the techniques and hence we use the central difference method
with CFL=1.0 or close thereto, the Noh-Bathe method with the
recommended value of p=0.54 [19], and choose for the explicit
B1/B,-Bathe method the same CFL as for the Noh-Bathe method.
In addition, we also show briefly the effects of using other param-
eter values to illustrate how the explicit and implicit g, /3,-Bathe
methods perform.

In the following problem solutions we endeavored to obtain
very good results using Table 1a which can lead to the values given
in Table 1b.

5.1. A simple system with 2 degrees of freedom

The equilibrium equations of the system are

DU, )

explicit $,/f,-Bathe method

implicit f, / f,-Bathe method

wave propagations
structural dynamics

B1 €[0.51,1.2], 8, = 0.07p,
B1 =0.5,p, €[0,0.07]

B1 € (1/3,00), B, =24
B1€[1/3,05],, =1-p

Table 1b
Specific values of parameters f; and g, for (frequently) good results.

explicit 3, /f,-Bathe method

implicit $, / 3,-Bathe method

‘wave propagations
structural dynamics

B, =0.6,5, =0.07p,
B =0.5,5, =0.04

B1=0.39,8, =28,
Br=1/3,B=1-p
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Table 2
The displacement of the first degree of freedom.
Time 0.28 0.56 0.84 1.12 14 1.68 1.96 2.24 2.52 2.8 3.08 3.36
Analytical solution 0.003 0.038 0.176 0.486 0.996 1.657 2.338 2.861 3.052 2.806 2.131 1.157
explicit 81/8,-Bathe 0.002 0.036 0.174 0.486 1.001 1.668 2.353 2.874 3.057 2.798 2.108 1.125
(B1=0.5, p=0)
implicit $,/p,-Bathe 0.004 0.041 0.179 0.486 0.987 1.637 231 2.835 3.041 2.82 2.173 1.221
(B1=0.5, p2=1-p1)
Central difference 0 0.031 0.168 0.487 1.02 1.7 2.40 291 3.07 2.77 2.04 1.02
Trap. rule 0.007 0.051 0.189 0.485 0.961 1.58 2.23 2.76 3 2.85 2.28 14
Table 3
The displacement of the second degree of freedom.
Time 0.28 0.56 0.84 112 14 1.68 1.96 2.24 2.52 2.8 3.08 3.36
Analytical solution 0.382 1.412 2.781 4.094 4.996 5.291 4.986 4.277 3.458 2.806 2.484 2.489
explicit 81/B,-Bathe 0.384 1.42 2.793 4.106 5 5.283 4.966 4.25 3.435 2.798 2.495 2.515
(p1=0.5, p=0)
implicit $1/p,-Bathe 0.377 1.396 2.756 4.069 4.986 5.304 5.025 4.329 3.503 2.825 2.466 2.439
(B1=0.5, p2=1-p1)
Central difference 0.392 1.45 2.83 4.14 5.02 5.26 49 417 3.37 2.78 2.54 2.60
Trap. rule 0.364 1.35 2.68 4 4.95 5.34 513 4.48 3.64 2.90 2.44 231
1 T T T T 1.4 T T T
g _1.2] ]
5081 1 B
= =
S L |
‘48 < 1
£ 0.6 ] b |
2 £ 0.8
5 2
2 S o6l ]
5 041 1 < 0.6
= 3
3 2 i |
3 S 0.4
<o0.2f ] £
[ ] L |
0 N e lid © 0 & & o ~
pr g;”\ & S & 3 & R
AR LT R & o S g A ¢ &
QN0 N 4 A R v QN2 S
& S° & M« S PG ALt & 6\0«*’
L o N @ & & 2 3 S
ARG \QZ (¢ & & @F & &/( & \@@

Fig. 7. Absolute error in u;.

and we assume that the initial displacements and velocities are
zero. This is a very simple example problem to solve and we
consider it only to indicate that when using an “acceptable”
time step size for an explicit method may lead to a more accurate
solution than using the same time step size with an implicit
scheme.

With the central difference, trapezoidal rule, implicit B;/8,-
Bathe and explicit j3,/f,-Bathe methods we use At =0.28, a time
step size leading to stable results with the central difference
method and the new explicit scheme, for which we could actually
use almost twice the time step size. Also, the control parameters
for each numerical method are selected in such a way that no
numerical damping is applied.

We compare the numerical solutions with the analytical result
for the displacement response. The analytical solution is

ﬂ] (t) _ 2 cos(V5t) _ 5cos(v2t) +1

3 3
i (t)=3- 45053(\/50 . 5cos3(\/7t) (21
The absolute error is given by
n
Absolute error of dof 5 =" |i(t;) — u(t;) (22)

i=1

Fig. 8. Absolute error in u;.

where j denotes the degree of freedom considered, n denotes the

number of steps, ij; is the analytical solution and u; is the numerical
solution.

The displacement solutions obtained with the explicit g;/8,-
Bathe method and the other methods are listed in Tables 2 and
3. We recall that the solutions using the Noh-Bathe method with
p=0.5 are equal to those of the proposed method since the case
of y=0.5 and 3, = 0.5, B,= 0 is considered (that is, for this specific
case, the equations used correspond to those used in the Noh-
Bathe scheme).

Figs. 7 and 8 show the absolute errors. As seen, the errors using
the central difference method are much less than those using the
Trapezoidal Rule and the errors using the explicit ,/p,-Bathe are
less than using the implicit 3,/p,-Bathe method (both schemes
employ two sub-steps). These results indicate — as we might expect
- that when using the same time step size, the use of explicit meth-
ods may lead to more accurate solutions than using implicit
schemes.

5.2. A clamped bar subjected to a step end load

We consider the clamped bar shown in Fig. 9 with the material
and geometrical properties E =30 x 10° psi, p = 0.00073 Ib/in3,


Klaus-Jurgen Bathe
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—-—bx, u

—F(1)

Fig. 9. A clamped-free bar subjected to a step end load [17].

A =1in? and L = 200 in. The bar is initially at rest, when the step
end load F(t) = 10,000 Ib is suddenly applied. We use 1000 equal 2-
node elements with

At = (9.88 x 1077) x CFL

Figs. 10 to 12 give the predicted velocity response at the mid-
point of the bar (node 500). We consider a longer time response
and see significant spurious oscillations at the later time
(Fig. 10). We use in Fig. 10 a slightly smaller CFL than 1.0 because
of the rounding used to obtain the above relation for At. The pre-
dicted response using the Noh-Bathe method (Fig. 11) with the rec-
ommended p = 0.54 is better but also shows oscillations [19].

With the explicit B,/p,-Bathe method using f; =0.51 and
B, = 0.07p;, and the same CFL as used with the Noh-Bathe method
(Fig. 12) we obtain an accurate solution with only some very small
spurious oscillations.

In Fig. 13 we show that the explicit f,/f,-Bathe method per-
forms also well when using a smaller CFL, namely CFL = 1.0. Here
we increased p; to 0.52. We include this solution to show that
the method gives still reasonable results even with a smaller CFL
than used in Fig. 12. As is well known, explicit schemes may per-
form considerably worse when the time step is reduced.

Computers and Structures 286 (2023) 107092

Finally, we compare in Figs. 14 and 15 the solutions obtained
with the explicit and implicit 8, /B,-Bathe methods. The schemes
show a similar high accuracy for the initial response, with the
explicit 8, /p,-Bathe method giving a slightly better result, but this
increase in accuracy is almost negligible.

The solutions in these figures have been obtained using the
first-order explicit B;/8,-Bathe method and show that for this
problem solution the method performs well even when the
response over longer time spans is sought.

5.3. A bi-material rod subjected to a step end load

We consider a rod of two pieces with different material proper-
ties, see Fig. 16. The Young's moduli are E; =8 x 10*> Pa and
E, = 8 x 10% Pa. The same Poisson’s ratio (v = v, = 0) and density
(p; = p, = 1kg/m?) are assumed for each region. The wave speeds
in the regions are ¢; = \/E1/p; and ¢; = \/E>/p,.

The rod is at rest when suddenly a uniform constant step trac-
tion of unit magnitude is applied at its right end.

In this study, the number of equal size 4- node two-dimensional
elements for discretizing the spatial domain is 1 x 800 (with 400
elements in each piece) with the time-step

At:CFLxngFLx%
G 405
The stress and velocity predictions at point A are of interest.
Figs. 17 to 28 show the solutions obtained. As expected, the
response predictions using the central difference method show sig-
nificant spurious oscillations. The Noh-Bathe scheme employed
with p = 0.54 also shows significant oscillations. Using the explicit

100 Central-Difference (CFL=0.998) —-—-- Analytical

[3)]
o
I

Velocity
o
T
i

0 0.005

0.01
time

100 Central-Difference (CFL=0.998) —-—-— Analytical

50 -

Velocity
o
]
i

-100 - | | |

0.292 0.294 0.296 0.298

0.3 0.302 0.304 0.306
time

Fig. 10. Predicted velocity at mid-point of rod using Central-Difference method.
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100 Noh-Bathe (p=0.54, CFL=1/p=1.8519) —=-=-= Analytical I -
50 - b
£
g 0 |
3
.50 - 4
-100 - | ) *
0 0.005 0.01 0.015
time
100 Noh-Bathe (p=0.54, CFL=1/p=1.8519) —-—-— Analytical I -
50
£
S o
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Fig. 11. Predicted velocity at mid-point of rod using Noh-Bathe method, CFL = 1.8519.
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Fig. 12. Predicted velocity at mid-point of rod using explicit g, /$,-Bathe method, g, = 0.51, CFL=1.8519.
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Fig. 13. Predicted velocity at mid-point of rod using explicit $,/8,-Bathe method, 8, = 0.52, CFL = 1.0.
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Fig. 14. Comparison of results when the explicit and implicit 8, /,-Bathe methods are used, CFL = 1.0.

B1/B,-Bathe method with the same CFL as with the Noh-Bathe
method, that is CFL = 1.8519, gives slightly better results, but then
using the smaller CFL = 1.5 very good results are obtained, which
we do not obtain employing the Noh-Bathe method with
CFL = 1.5. Similarly, the solution using the implicit g,/B,-Bathe
method with CFL = 1.8519 shows very good accuracy.

5.4. A pre-stressed square membrane

The pre-stressed square membrane shown in Fig. 29 is initially
at rest when suddenly subjected to a constant unit initial velocity
prescribed over its central domain (the gray area) with L=10m

and [ =7 m The wave velocity and mass density of the membrane
are ¢ =10m/s and p = 1 kg/m3, respectively. Due to symmetry,
we only discretize a quarter of the membrane using 150 x 150
equal 4-node elements.

We use

Ax  CFL

At:CFLfom

for the Noh-Bathe, explicit B;/p,-Bathe and implicit 3,/p,-Bathe
methods to obtain the velocity solution at the center point.

Figs. 30 to 34 show the performance of the different schemes.
We use again the recommended value of p =0.54 for the Noh-
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Fig. 15. Sections A-A and B-B of Fig. 14.
Bathe method but also p = 0.5858 (also used in ref. [19]) resulting
in CFL = 1.7071. As shown, the Noh-Bathe and explicit f;/f,-Bathe
0-1"’II Er,pr1,n ¢4 Ep.wm g I:(® methods yield good accuracy results with the 8, /8,-Bathe scheme
giving slightly better results.
am In Fig. 34 we show the solution obtained using the implicit

Fig. 16. A bi-material rod subjected to a step trac

B1/B,-Bathe method and a smaller CFL, namely CFL=1.0. Very

tion at its right edge. good results have been obtained in this solution.

3
Central-Difference (CFL=1) ===-= Analytical I
| ki L.
--------- ] i ;
2+ 1 & i ! _
Lasune i i L 5
| - N |
LI e , I !
by i !
o 1 i i (LT
| |
i  Liigane 1}
! i b
| 3
0 T aond 1
[ s
1 | | I I |
0 0.1 0.2 0.3 0.4 0.5
time
Fig. 17. Predicted stress at point A using the Central-Difference method.
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Fig. 18

. Predicted velocity at point A using the Central-Difference method.
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Fig. 19. Predicted stress at point A using the Noh-Bathe method, p = 0.54.
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Fig. 20. Predicted velocity at point A using the Noh-Bathe method, p = 0.54.
3 —
Explicit 3,/8,-Bathe (3,=0.51, 3,=0.073,, CFL=1.8519) —-—-— Analytical
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Fig. 21. Predicted stress at point A using the explicit ,/f,-Bathe method, CFL = 1. 8519.

6. Concluding remarks

The purpose of this paper was to introduce a new effective
explicit direct time integration scheme, the explicit f;/8,-Bathe
method for solving dynamic problems, specifically wave propaga-
tions. Like the implicit Bathe schemes, the method uses two sub-

10

steps per time step. To obtain insight into the method, we mathe-
matically analyzed the scheme with a focus on identifying the role
of the two parameters f;and 8, and their values. The analysis
shows that the method can be used directly as a first-order or
second-order scheme, with an effective ability to suppress the
response due to high spurious frequencies.
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Fig. 22. Predicted velocity at point A using the explicit 8, /,-Bathe method, CFL = 1.8519.
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Fig. 23. Predicted stress at point A using the Noh-Bathe method, CFL = 1.5.
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Fig. 24. Predicted velocity at point A using the Noh-Bathe method, CFL = 1.5.

To numerically demonstrate the properties of the explicit /8-
Bathe method, we solved and compared in four problem solutions
the results obtained using the proposed scheme with those calcu-
lated using the central difference and the explicit Noh-Bathe
scheme. Based on the solutions obtained, we observed that the
first-order explicit 8;/p>-Bathe method performs remarkably well
even when focusing on the prediction of longer time response.

A comparison of the explicit 8/»-Bathe method with the Noh-
Bathe scheme shows that the new method is in fact a further devel-

11

opment of and complements the Noh-Bathe scheme. In this paper
we simply used the time splitting ratio y to be 0.5, and further
research is needed to establish the effect of changing this value
(like in the Noh-Bathe scheme) to reach the full capabilities of this
method designed for two unequal sub-steps, and to also establish
the effect of physical damping.

However, to obtain the optimal, most accurate response predic-
tion may require some numerical experimentation. Hence we give
a table for choosing the values of B;andp,. Since a structural
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Fig. 25. Predicted stress at point A using the explicit g, /3,-Bathe method, CFL = 1.5.
0.03 Explicit 3,/8,-Bathe (3,=0.66, 3,=0.073,, CFL=1.5) ——-— Analytical '
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Fig. 26. Predicted velocity at point A using the explicit f,/8,-Bathe method, CFL = 1.5.
3 — |
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Fig. 27. Predicted stress at point A using the implicit 8, /$,-Bathe method, CFL = 1.8519.

response is fundamentally different from a wave propagation
response, parameter values are given for each of these response
calculations. In the first part of the table, ranges are given to choose
from for optimal response predictions, and in the second part of
the table, specific values are given to obtain in general quite accu-
rate, but not necessarily most accurate, response predictions. Using
the values in the second part of the table, we assume that no

12

numerical experimentation is performed (but can of course also
be conducted). We used the values given in the table to demon-
strate the solution accuracy of the scheme.

We have seen, in some problem solutions, that using the expli-
cit pq/B.- Bathe method, accurate response predictions were
obtained due to the effective application of numerical damping.
In practice, of course, spurious oscillations can frequently be seen
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Fig. 28. Predicted velocity at point A using the implicit 3, /8,-Bathe method, CFL = 1.8519.
? y in numerical solutions, although no exact solution is available, and
Ll hence the proposed scheme gives means to suppress these
- C oscillations.
- - Although we solved only linear problems, the scheme is funda-
- - mentally simple and can directly be applied to solve nonlinear
] C problems as well.
Lol C However, for the “automatic optimal use” of the method further
- - analyses, more insight, and more experiences with the use of the
. = method are needed. The change of the splitting ratio y and the
. 1 E x analysis of the corresponding effects are of particular interest since
L e additional benefits may be reached by taking full advantage of the
| L | two sub-steps used. This research may then lead to an automatic
very effective solution algorithm.
Fig. 29. The square membrane [16].
3
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Noh-Bathe (lumped mass, p=0.54, CFL=1/p=1.8519)

Velocity

time

Fig. 30. Predicted velocity at center point using the Noh-Bathe method, p = 0.54.
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Explicit ﬁ1/62—Bathe (lumped mass, ﬁ1=0.51, ;32=0.07ﬂ1, CFL=1.8519)
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Fig. 31. Predicted velocity at center point using the explicit f,/S,-Bathe method, CFL = 1.8519.
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Analytical
Noh-Bathe (lumped mass, p=0.5858, CFL=1/p=1.7071)
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Fig. 32. Predicted velocity at center point using the Noh-Bathe method, p = 0.5858.
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Explicit ﬁ1/ﬁ2-Bathe (lumped mass, f}1:0.54, 32:0.0751, CFL=1.7071)
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0 0.5
time

Fig. 33. Predicted velocity at center point using the explicit 8, /3,-Bathe method, CFL = 1.7071.

3 Analytical
— Implicit ﬁ1/ﬁ2—Bathe (consistent mass, ﬁ1=0.34, ﬁ2=2[31, CFL=1)
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Data availability

Fig. 34. Predicted velocity at center point using the implicit f, /f,-Bathe method, consistent mass matrix, CFL = 1.

Appendix A. Approximation operators of the proposed method

No data was used for the research described in the article.
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ap 4 g3 Q 1
A= |ay ap» ap|,La=¢Qy p,L=14Q; (24)
az; a3 a3z Q4 Qs

by = —2¢w(yAt) — 0.502 (yAt)?
by = —2¢w — w?(PAt)
b; = —w?
by = (1 — p1)(YAL) + 1 (yAt)by
bs =1+ B (yAt)b,
bs = B, (yAt)bs
by = (yAD*((0.5 — B5) + fabi)
bs = (yAL) + B, (yAt)*by
by =1+ ,(yAt)’bs
a1 = —2¢wby — 220(A)(1 — )by — 2y — W (At)(1 — y)bs — 0.5 (At)* (1 — 7)*by
a1y = —2¢wbs — 2ém(At)(1 = )by — w2bg — w? (AL)(1 — y)bs — 0.5w%(At)* (1 — 7)*b,
43 = —2Ewbg — 2E0(At)(1 — P)bs — by — 2 (At)(1 — )b — 0.5 (At)*(1 — 7)?bs
A1 = ba + (1= By)(AE)(1 = )by + By (AL)(1 = p)an
32 = bs + (1= f1)(AL)(1 = )bz + By (A)(1 - p)arz
a3 = bs + (1 = f1)(A)(1 = 7)bs + 1 (AL)(1 = y)ais
as1 = by + (A)(1 = 7)ba + (0.5 = B2)(AD* (1 = )by + By (AP (1 = )Pan
as; = bg + (AL)(1 = 7)bs + (0.5 — ) (AD?(1 = 9)b2 + o (A’ (1 = )’ ara
as3 = by + (AL)(1 = 7)bs + (0.5 — ) (A (1 = 7)bs + o (AD* (1 — )’ ars
q; = 1 (yAt)
4z = B (yAL)?
Qi = —2¢wq, - 2E(AN)(1 - y) — 02, — @*(AL)(1 = 7)q; — 0.5w* (AL (1 - 7)?
Q2 =q; + (1= F)(AD(1 =) + B (A (1~ 7)Q,
Qs = B (AD)(1 ~7)
Qs = o + (A1 =7)g; + (0.5 = B)(AD* (1 = 1)* + Bo(AD*(1 = 9)°Q
Qs = fo(AD*(1 - y)?
(25)
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